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In this work, some phenomenological models, those that are based only on the population infor-
mation (macroscopic level), are deduced in an intuitive way. These models, as for instance Verhulst,
Gompertz and Bertalanffy models, are posted in such a manner that all the parameters involved
have physical interpretation. A model based on the interaction (distance dependent) between the
individuals (microscopic level) is also presented. This microscopic model reachs the phenomeno-
logical models presented as particular cases. In this approach, the Verhulst model represents the
situation in which all the individuals interact in the same way, regardless of the distance between
them. That means Verhulst model is a kind of mean field model. The other phenomenological mod-
els are reaching from the microscopic model according to two quantities: i) the relation between
the way that the interaction decays with the distance; and ii) the dimension of the spatial structure
formed by the population. This microscopic model allows understanding population growth by first
principles, because it predicts that some phenomenological models can be seen as a consequence
of the same individual level kind of interaction. In this sense, the microscopic model that will be
discussed here paves the way to finding universal patterns that are common to all types of growth,
even in systems of very different nature.
I. INTRODUCTION
The use of mathematical modeling to understand pop-
ulation growth behaviors has been of great success in the
last decades. These models find application not only in
ecology [1–3], the immediate aplication, but also in so-
ciology and economy [4–6], among other areas of knowl-
edge. This wide spectrum of applicability of those mod-
els has motivated a quest for universal patterns that are
present in different types of systems [6–13]. In the cur-
rent paper, the inductive process necessary to built pop-
ulation growth models is presented. Next, an attempt
to unify such models by means of a generalized model
is also presented. The generalized model is built based
on the interaction between the individuals of the popula-
tion. That is, the intention here is to explain population
growth by first principles.
A successful mathematical model must be good enough
to predict how the number of individuals of a population
behaves, as the time evolves, according to some ecolog-
ical properties. This should also give some explanation
about the properties of the individuals which constitute
the population, as the way they interact and how this
affects the population as a whole.
A starting point to build a population growth model,
as all science, is to look at the empirical data. The data
must give not only the first information about the be-
havior of the population, but also the test of the quality
of the model. If the model is verified as “good”, then it
can be used to formulate hypotheses and some explana-
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tion about the system. The data of a yeast population
growth will be used to illustrate the creation process of a
mathematical growth model and also to test the models.
Those data, plotted in the figure (1), are the experimental
evidences that allow verifying the validity of the models
and inferring some hypotheses.
To organize the ideas from a mathematical point of
view, consider N(t) as the population of yeast (the num-
ber or density of individuals) as a function of time t. In
each time interval ∆t, the population is updated, which
can be written as
N(t+∆t) = N(t) + ∆N(t). (1)
Here ∆N(t) is a number representing the balance be-
tween the added (births) and removed (deaths) individ-
uals in this time interval. In fact, ∆N(t) is the number
of births minus the number of deaths during the time
interval ∆t. Of course, if such numbers are known, one
will know exactly the population size in the next time
interval. The problem is that, in general, those numbers
are not known. A possible way to solve this problem
is to extract information from mathematical models. In
the following sections, two kinds of mathematical models
to describe the population dynamics are presented. The
first type, the phenomenological models, or macroscopic
models, are those that take into account only informa-
tion of the population as a whole. Examples of such
models are Malthus, Verhulst, Gompertz and the Berta-
lanffy models. The second type, the microscopic models,
are those that take into account the properties of the sys-
tem at the individual level. This kind of model is built
in order to understand the macroscopic phenomena as a
consequence, or better, an emergent property, of the in-
teractions between individuals. In this way, microscopic
2time (hours)
Figure 1: Empirical data (dots) of the growth of a yeast pop-
ulation. The experimental data were collected from [2]. The
solid lines represent the predictions of mathematical mod-
els: Malthus, Verhulst, Gompertz, and generalized models.
The fit parameter values used are presented in table (I). The
Malthus model is good to describe population in the initial
stage of growth, but fails for sufficiently large periods. The
other models are very similar to describe the empirical data,
but the generalized model presents the best fit, with larger
r2.
models allow to understanding population growth from
first principles.
The paper is organized in the following way. In sec-
tion (II) the easiest way to represent mathematically the
process of growth is presented. The model proposed
in this section is the so called Malthus model. In sec-
tion (III), a small corruption in the Malthus model will
be done and then the obtained model, known as Ver-
hulst model, besides being simple, can describe the yeast
population growth data very well. In section (IV), an
alternative model, the so-called Gompertz model, is pro-
posed. This model also describes the yeast population
very well. In section (V), a model that can reach the
Malthus, Verhulst and Gompertz models as a particular
case will be proposed, and exactly because of this, it is
called generalized model. In section (VI), the generalized
model is deduced by first principle. That is, it is deduced
from the interaction between the cells which constitute
the population. This deduction allows an explanation,
at individual (microscopic) level, of the way cells inter-
act to promote the population growth as evidenced by
the empirical data (macroscopic level).
II. MALTHUS MODEL
In this section, the simplest way to describe the pop-
ulation growth is considered. By sheer simplicity, con-
sider that the number of deaths and the number of births
Model q N0 k0 K r
2
Malthus 1 20 0.227 ∞ -
Verhulst 1 15 0.302 1241 0.9865
Gompertz → 0 1 0.1824 1268 0.9715
Generalized 0.394 14 0.1820 1269 0.9874
Table I: Table of the fit parameter values used that best fit the
model for the empirical data. The curves generated by these
values are presented in figure (1). The generalized model, as
expected, is the best model to describe the empirical data,
characterized by the larger r2.
within the population of yeast are proportionate to: i)
the number of individuals of the population; and ii) the
time interval. This consideration means that
Number of Births in ∆t = b∆tN(t), (2)
and that
Number of deaths in∆t = d∆tN(t), (3)
where the parameters b and d are constants. This idea
is reasonable because the larger the time interval, the
greater the number of births and deaths of individuals
is. Likewise, the larger the population, the greater the
number of births and deaths also is. This assumption of
linearity is quite simplistic, but will facilitate the analyt-
ical development.
The parameter b, the birth rate, can be interpreted
as the average number of daughter cells generated by
each cell of the population per time interval. In this
simple model which is being proposed, this parameter
is considered constant throughout all generations. The
parameter d, the mortality rate, can be interpreted as the
proportion of deaths in the time interval. Returning to
the equation (1), one has
N(t+∆t) = N(t) + (b− d)∆tN(t), (4)
which is a discrete model to describe the dynamics of the
population. Given an initial population and the parame-
ters b and d, the size of the population at the time t can
be iteratively calculated. When b > d, i.e. the birth rate
is higher than the mortality rate, then the population
grows, otherwise the population decreases. The values
of these parameters can be estimated from the empirical
data which one wants to describe.
The discrete model (4) can be converted in a continu-
ous equation. It is convenient because it allows analytical
analyses, which are not possible in the discrete version.
To do it, one takes the limit of infinitesimal time inter-
vals, which means to write
lim
∆t→0
N(t+∆t)−N(t)
∆t
= k0N(t) (5)
3where k0 ≡ b−d is the population growth rate. Identifying
the left part of the above equation as a derivative, one
has an ordinary differential equation (ODE)
dN
dt
= k0N. (6)
This ODE can be solved integrating its two sides, which
leads to the solution
N(t) = N0e
k0t, (7)
where N0 is the initial population. Thus, the simple
model introduced, that leads to Eq. (6), gives an expo-
nential growth of the population, as suggested by Eq. (7).
It is because of this feature that this model is also known
as Malthus model, referring to the English economist, fa-
mous for his studies of populations and the phrase “The
human population grows geometrically while the amount
of food increases arithmetically” [14].
The problem is that the Malthusian model, precisely
because it is very simple, leads to the inconsistency that
the population grows indefinitely, blowing up at a suffi-
ciently large time. In fact, this result is inconsistent with
what is observed by the data presented in Figure (1),
where the yeast population size presents a saturation.
The model fails to describe the population as a whole,
however, not everything is lost. Although the model fails
for large times, it is very good to describe the popula-
tion in the early stages of growth. In Figure (1) one can
see that the model fits the empirical data very well if
one considers the growth in the first 20 hours. This re-
sult is quite commendable, given the simplicity of this
model. This fact allows introducing an extremely impor-
tant concept in modeling, which is the idea of validity
region of a model. The comparison between the predic-
tion of Malthus model and empirical data presented in
Figure (1) clearly shows that the model is good, provided
it is applied to describe the initial dynamics of the pop-
ulation. Outside this range, the model no longer makes
sense.
III. THE VERHULST MODEL
Essentially, the Malthus model was not good enough to
describe the yeast population for a longer time because
it does not consider the scarcity of natural resources. In
fact, the malthusian model is too simple, and therefore
one needs to add a little more information to it to get
better results.
As the Malthus model behaves well in the early stage
of growth, one will still rely on this model, but making a
small change in it. Rewriting it with the introduction of
a correction term in the ODE (6) yields to
dN
dt
= k0N − term. (8)
This “term” should be zero (or near zero) whenN is suffi-
ciently small (reaching the Malthus model in this regime)
and should be maximum when the population reaches a
certain level. Verhulst [15, 16] considered this corrective
term as proportional to N2/K, where K is the carrying
capacity of the population, which is the maximum size
of the population that can be supported by the environ-
ment. Thus the Malthus ODE with corrective term takes
the form
dN
dt
= k0N
[
1−
(
N
K
)]
. (9)
In this model, known as Verhulst model, when the pop-
ulation size approaches the carrying capacity (N → K),
then dN/dt = 0, i.e. the population stops growing.
This model predicts that the population saturates when
t → ∞, instead of blowing up, as is the case of the
Malthus model.
The solution of this model is obtained by integrating
both sides of the differential equation above, resulting in
N(t) =
K
1−
(
1− KN0
)
e−k0t
. (10)
Note from figure (1) that the Verhulst model is very ap-
propriate to describe the yeast population growth. The
solution (10) describes the population dynamics of yeast
very well, both for early and late time growth. One can
say that the Verhulst model, although it is also very sim-
ple, with only two parameters (growth rate and carrying
capacity), captures the essence of the yeast population
growth. This good description happens even disregard-
ing all the details of the interactions between the cells
of this population. But then, once you enter with this
complexity, it adds more difficulty to solve the problem,
and perhaps impedes the analytical treatment, and con-
sequently disables the understanding of the phenomenon.
With this simple version, considering only phenomeno-
logical parameters, it is possible to describe this popula-
tion quantitatively, conducting to an analytical solution.
In fact, the model gives a quantitative explanation that
the population of yeast is growing rapidly at the begin-
ning and which has its growth rate decreased as the pop-
ulation is coming to a saturation due to the scarcity of
the environmental resources.
IV. THE GOMPERTZ MODEL
In section (II), it was seen that the malthusian model
fails because it leads to an unlimited growth of the popu-
lation. In section (III), a way (Verhulst model) was pro-
posed to induce a saturation in the population dynam-
ics in an attempt to correct the problem of the Malthus
model. Now, an alternative idea to induce the saturation
4of the population is introduced, still using the Malthus
model as the starting point.
The indeterminate growth of the Malthus model is due
to the per capita growth rate k0 remaining constant for
all individuals of the population and for any generation.
A little more information on this growth rate will be in-
troduced now, considering that this growth rate is time
dependent. This allows writing the model (6) as
dN
dt
= k(t)N. (11)
To have a situation in which the population stops grow-
ing along the time, it is interesting to consider that k(t)
decreases with t. For example, an exponential decay of
this growth rate, i.e. k(t) = c−k0t, where c is a constant
and k0 plays here the role of a “half-life” growth rate,
justifying the initial choice in (6). Thus one has a new
model
dN
dt
= ce−k0tN, (12)
also known as Gompertz model in honor of the English
economist who, in the XIX century, used this model to
describe human mortality [17] [31]. Integrating both
sides of the differential equation (12), it is possible to
find the solution
N(t) = N0e
−c
(
1
k0
+ 1
k
e−k0t
)
. (13)
Note that for t→∞ and k0 > 0 the population converges
to N0e
−c/k0 , and therefore this quantity is the very car-
rying capacity, i.e.
K = N0e
− c
k0 . (14)
This implies that c/k0 = − ln(K/N0), and consequently
the above solution can be written in terms of the pa-
rameters K, N0 and k0, taking the constant c out of the
solution. That is, the Gompertz model solution may also
be written as
N(t) = Keln(
N0
K )e
−k0t
. (15)
A more convenient way to write the Gompertz
model (12) is by the ODE
dN
dt
= −k0N ln
(
N
K
)
, (16)
which is, in fact, more usually found in the literature [18–
21]. Note that if we integrate the Eq. (16), one has the
same solution (15), which shows that the model (12) and
the model (16) are exactly the same.
Applying the Gompertz model to describe the popula-
tion of yeast population growth, one gets a result as good
as the Verhulst model, as shown in Figure (1). Therefore
this model is also interesting to modeling the population
dynamics of these microorganisms.
V. THE GENERALIZED MODEL
It was presented that both the Verhulst model (which
considers a saturation term) and the Gompertz model
(which considers a growth rate that decreases exponen-
tially along the time) lead to satisfactory results to de-
scribe the yeast population growth. But if these two
essentially different models lead to quite similar results,
which of them would be true? Or would both be false?
Upon attempting to answer these questions, it is inter-
esting to work out a more complete model, which has at
least the Verhulst and Gompertz models as special cases.
To do this, consider that the logarithm function of the
Gompertz model (16) can be interpreted as a special case
of a more general function. One option would be to look
at the generalized logarithm function. This function is
defined by (see Appendix (A) for details)
lnq(x) ≡
xq − 1
q
, (17)
where q is the generalization parameter. This function
is called this way because it recovers the usual logarithm
function when one takes the limit q → 0 (see Appendix)
[32]. Replacing, by convenience only, the usual logarithm
function in the Gompertz model (16) by the generalized
logarithm function, one gets
dN
dt
= −k0N lnq
(
N
K
)
, (18)
where q plays the role of a generalization parameter. This
model will be called generalized model because it retrieves
not only the Gompertz model in the limit q → 0, but
also the Verhulst model when q = 1. Moreover, if q =
1 (Verhulst) and K → ∞, the generalized model also
recovers the Malthus model. For more details, see [22–
24] The solution of the generalized model can be obtained
by integrating both sides of (18), as usual, which leads
to the solution
N(t) =
K[
1−
[
1−
(
K
N0
)q]
e−k0t
] 1
q
. (19)
Note that for q = 1 and q → 0, this solution leads to the
solutions (10) and (15), respectively.
The model was applied to the yeast’s experimental
data, as can be seen in Figure (1). The best fit was
done with q = 0.394, which means that an intermediate
5model, between the Gompertz (q → 0) and the Verhulst
(q = 1) models, is better to adjust these data.
The model (18) was originally proposed in [25] and rep-
resents an important step in building unified population
growth models. However, the parameter q was intro-
duced here as a theoretical argument of generalization,
without presenting any physical interpretation. With a
microscopic approach that takes in to account the inter-
actions between individuals, which is presented in Sec-
tion (VI), it is possible to obtain this interpretation. In
fact, as discussed just ahead, the generalization parame-
ter q is related to the interaction field between the indi-
viduals of the population.
Besides the model (18) being based on the macroscopic
properties of the system, that is, a phenomenological ap-
proach, it can give some suggestions about how the indi-
viduals behaves (in average). For instance, one can com-
pute, from the model, the typical value of the growth rate
of a single individual. That is, the so-called per capita
growth rate, which will be represented by G. This quan-
tity can be computed by (from (18)
G(N) =
1
N
dN
dt
= −k0 lnq
(
N
K
)
, (20)
If Eq. (19) is put in the equation above, the time evo-
lution of the per capita growth rate, G(t), is obtained.
The figure (2) presents the time evolution of this quan-
tity. With the exception of Malthus model, all the mod-
els covered by the generalized model present a per capita
growth rate which decreases with time. In this way, Ver-
hulst, Gompertz and other particular cases differ from
one another just in respect to the way that the individu-
als of the population decrease the capability to reproduce
as the time evolves.
It is interesting that G is an individual property that
was deduced from the macroscopic information, also
known by top down approach. This way, this quantity
is not what one can call by “firt principles” (bottom up
approach). It will be done in the next section, when
one introduces a microscopic model for the interaction
between the cells of the population.
A. The Generalized Model and the von Bertalanffy
Model
The generalized model, when written in a more explicit
form, i.e. using Eq. (17), becomes
dN
dt
= −
(
k0
qKq
)
N q+1 +
k0
q
N. (21)
Or, in a more compact form, one can write it as
dN
dt
= aNβ − bN, (22)
 0
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Figure 2: Graph of the per capita growth rate as a time func-
tion. Except the Malthus model, in which the per capita
growth rate is constant throughout the generations, the other
particular cases of the generalized models (as Verhulst and
Gompertz models) differ only in the way that this average
individual growth rate decreases in time.
where the parameters a ≡ − k0qKq , b ≡ −
k0
q , and β ≡ q+1
were introduced. The model (22) is known in the liter-
ature by von Bertalanffy model [26, 27]. This model is
often used to describe ontogenetic growth [12] and has
recently been applied to describe human populations [6].
Thus, the generalized model (18) is the very von Berta-
lanffy model. Interestingly, this identification provides
some interpretation for the parameters of the von Berta-
lanffy model. That is, by comparison, the model (22)
presents:
• growth rate: k0 = −b(β − 1);
• carrying capacity: K =
(
b
a
) 1
β−1 ;
• generalization constant: q = β − 1.
In the same way that the generalization model (18)
yields to some phenomenological population growth mod-
els as particular cases, the von Bertalanffy model also
does that. For instance: β = 2 (q = 1) conducts to Ver-
hulst Model if the carrying capacity is finite, or to the
Malthus model otherwise; and β → 1 (q → 0) conducts
to the Gompertz model.
However, as there is no physical interpretation of the
parameter q yet, there is also no interpretation of β. This
interpretation will be achieved by a microscopic model
based on the interactions of the individuals, which is pre-
sented in the next section.
VI. MICROSCOPIC MODEL
So far, the presented models have been built consider-
ing only information at the macroscopic level, i.e. pop-
ulational information. However, to understand the pop-
6ulation dynamics from a deeper point of view, it is very
important to understand how the interactions between
individuals perform. This approach, which can be under-
stood as a microscopic (or bottom up) modeling, should
lead to understanding the dynamics of the population by
first principles.
The first step towards that understanding was ob-
tained from a model presented by Mombach et al in ref.
[28] and reworked in [10, 24, 29]. This model presents, as
result, the fact that some observed macroscopic prop-
erties are a consequence of the inhibitory interactions
between the microcomponents of the system. And yet,
these researchers succeeded in a physical interpretation
of the generalization parameter q. In this section, this
model is discussed in its details.
To begin with, consider that the replication rate of a
cell is regulated by two factors: one is intrinsic to the
cell, and another is related to the interactions of the cell
with the other cells of the population. This means that
the following scheme for a certain cell must be valid:
[Replication rate] = [self-replicate stimulus] +
+ [stimulus from interaction with other cells].
Following such scheme, and naming Ri the replication
rate of the i-th cell, the number of daughter cells gener-
ated by i in a time interval ∆t, is
∆tRi = Gi + JIi. (23)
Here, Gi is the intrinsic ability of the cell to self-replicate;
Ii is the interaction field felt by this cell and caused by
the other cells of the population; and J is the intensity
of this interaction field. If J > 0, there is cooperation
between cells, and if J < 0, there is competition between
them.
The total number of daughter cells added to the pop-
ulation in a certain generation t is ∆N(t) = ∆t
∑N
i−1 Ri,
which leads to a recurrence equation
N(t+∆t) = N(t) + ∆t
N∑
i=1
Ri. (24)
Considering infinitesimal time intervals, i.e. ∆t→ 0, the
recurrence equation above, together with (23), becomes
the ODE
dN
dt
= N〈G〉+ J
N∑
i=1
Ii. (25)
where 〈G〉 ≡ (1/N)
∑N
i=1Gi is the average value of the
intrinsic replication capacity of a single cell.
The interaction field Ii is the result of the interaction
of the cell with all the other cells. This allows writing
the sum Ii =
∑
j 6=i Iij , where Iij is the interaction field
between the cells i and j. Consider that the interaction
0 1 2 3 4 5
rij
0
0,5
1
Iij
γ = 1
γ = 2 
γ = 10
γ = 0.4
γ = 0
Figure 3: Graph representing the interaction field between
two individuals (i and j) depending on the distance rij be-
tween them, according to some decay exponent values. It
considers r0 = 1/2 (fixed). The larger γ is, the faster the
decay of the field with the distance is. When γ = 0, the in-
teraction region is infinite, i.e. the intensity of the interaction
does not depend on distance (mean field situation). When
γ → ∞, the interaction region is null, which means that the
cells do not interact.
Iij decays with the distance rij between them according
to
Iij(rij) =
1
rγij
, (26)
where γ is the decay exponent of the interaction field.
When γ = 0, the interaction field does not depend on
the distance, i.e. the region of interaction between two
cells is infinite. This case is called mean field situation.
When γ → ∞, the region of interaction is zero, which
means that cells do not interact at all. To preserve the
internal structure of cells, we consider rij ≥ 2r0, where
2r0 is the diameter of the cell. Figure (3) illustrates how
the interaction field decays with the distance for differ-
ent values of the exponent decay. For a more generic
approach about the interaction function (26) see [30].
In relation to the spatial distribution of the cells, con-
sider that they form a structure with hypervolume VD
in D dimensions. For D = 3 the hypervolume is the
usual Euclidean volume; for D = 2 the population is dis-
tributed forming a surface and the hypervolume is the
area of this surface; for D = 1 the population is dis-
tributed forming a straight segment and, in this case,
the hypervolume is the length of this segment. Consider
also ρ(r) as the density of cells in the hypervolume el-
ement dDr, positioned in r. This position vector has
its origin in the cell i, as described in figure (4). The
number of cells in this hypervolume element is computed
by dN = ρ(r)dDr, and if the population is continuously
7i
drD
r
VD
Figure 4: Hypervolume VD in D dimensions, formed by the
spatial distribution of the cells (dots). In this figure, a small
group of cells is in a hypervolume element dDr, localized by
the position vector r, originated in the i-th cell.
distributed in the space, the field Ii =
∑
j 6=i Iij can be
written as the integral Ii =
∫
VD
1
rγ dN , which becomes
Ii =
∫
VD
1
rγ
ρ(r)dDr. (27)
Assuming, for simplicity only, that the population is
homogeneously distributed in space, i.e. ρ(r) = ρ0 = cte,
and using hyperspherical coordinates (see Appendix for
details), the total field felt by this individual is
Ii = I(N) =
ρ˜D
D
ln1− γ
D
[
N
(ρ˜D/D)
]
. (28)
where ρ˜D is a parameter related to the density of cells and
which depends only on the dimensionD. Although it was
calculated the interaction field of the specific cell i, the
result proves identical to all the other cells, as the right
side of the Eq. (28) does not depend on the “index” i, and
consequently it is identical to all the other individuals of
the population, regardless of the position of a single cell.
In fact, the interaction field in a single individual depends
only on the size of the population, i.e. N , which justifies
to write Ii = I(N) in (28).
Back to Eq. (25), one gets
dN
dt
=
[
J
(1− γD )
(
ρ˜D
D
) γ
D
]
N2−
γ
D +
[
〈G〉 −
Jρ˜D
D − γ
]
N
(29)
which is nothing more than the von Bertalanffy growth
model given by Eq. (22) (and consequently the general-
ized model (18)) with
a =
J
(1− γD )
(
ρ˜D
D
) γ
D
, (30)
b =
Jρ˜D
D − γ
− 〈G〉, (31)
and
β = 2−
γ
D
. (32)
This way, one has here an interpretation for the growth
rate k0, the carrying capacity K, and the generalization
parameter q (or β) from this microscopic model. Actu-
ally, from the above relations, one gets, by a microscopic
point of view, the following interpretation for these quan-
tities:
• generalization constant:
q = 1−
γ
D
; (33)
• growth rate:
k0 = 〈G〉q −
Jρ˜D
D
; (34)
• carrying capacity:
K =

 ρ˜DJD − (1− γD )〈G〉(
ρ˜D
D
) γ
D
J


1
1−
γ
D
. (35)
The microscopic model allows understanding that the
generalization parameter q is given by a relation between
the interaction decay among the cells and the dimension
of the structure formed by the population. This result
proves important in the sense that it has only macro-
scopic quantities, although it has been obtained by mi-
croscopic premises. In other words, the global behavior
emerges from local interactions between the cells which
compose the population. Most importantly, this micro-
scopic model explains, by first principles, all the phe-
nomenological models discussed previously, and gives a
physical interpretation of all quantities involved.
Limit cases: Verhulst and Gompertz Models
As it was seen in the previous section, the generalized
model (18) has as particular cases the Gompertz and the
Verhulst models. In the microscopic model, when the
dynamic interaction takes place with an exponent de-
cay γ = 0, which means that the intensity of interaction
between the cells does not depend on the distance, one
has Verhulst dynamics. According to Eq. (33), one has,
8in this case, q = 1. Thus, the Verhulst model can be
interpreted as a mean field approach to the population
dynamics. In this limit case, from (34) and (35) one has
growth rate k0 = 〈G〉 − Jρ˜D/D, and carrying capacity
K = −ρ˜D〈G〉/(JD), respectively.
The Gompertz model emerges when γ → D (q → 0).
That is, this phenomenological model takes place when
the interaction between individuals decays with an expo-
nent equal to the dimension of the system. Taking the
limit γ → D in (34) and (35), the population must grow
with a growth rate k0 = −Jρ˜D/D, until it reaches the
carrying capacity K = (ρ˜D/D)e
−
D〈G〉
Jρ˜D .
The fact that the microscopic model conducts to the
generalized model shows that it is possible to find uni-
versal patterns in population growth - universal here in
the sense that properties that are present in all kinds of
growth should exist, even in essentially different systems.
In fact, according to the model presented, a subtle dif-
ference in the way that the individuals interact leads to
a huge difference in the ecological properties. This fact
can be seen as a motivation to interpret all diversity of
growth in nature as a result of a single and universal rule
which describes the way of interaction of the components
of the system.
VII. CONCLUSION
In the present work, some important phenomenological
population growth models were developed, with physical
interpretation of all the parameters involved. The models
were also compared to empirical data (yeast population
growth) to test their validity. It was also shown that
those models can be reached as a particular case of a mi-
croscopic model, which takes into account the interaction
(depending on the distance) between the individuals of
the population. From this approach, it was verified that
the Verhulst model represents a situation in which each
individual of the population interacts with all the others
in the same way, regardless of the distance that separates
them. That means the Verhulst model is a kind of mean
field interaction model. Other models, as Gompertz and
the generalized one, are reached according to the relation
between the interaction decay exponent and the dimen-
sion of the structure formed by the population.
The phenomenological models presented here can be
seen as a consequence of the same individual level kind
of interaction. In this sense, this microscopic model takes
an important step towards a more profound understand-
ing of the population growth, and also connects many
types of growth in a single approach. This way, it paves
the way to finding universal patterns, common in all
types of growth, even in systems of very different nature.
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Appendix A: Generalized Logarithm and
Exponential Functions
The logarithm function ln(x) can be seen, among other
interpretations, as the area below the hyperbole function
f(t) = 1/t, given by the integration
ln(x) =
∫ x
1
1
t
dt. (A1)
We can use this idea to build a generalized logarithm
function, so that the usual logarithm function is only
a particular case. Defining such generalized logarithm
function as the area below the unsymmetrical hyperbole
fq(t) = 1/t
1−q in the interval t ∈ [1, x], shows that
lnq(x) =
∫ x
1
dt
t1−q
=


xq−1
q for q 6= 0
ln(x) for q → 0.
This function is thus a generalization, by introducing
the parameter q, of the natural logarithm function. After
all, it retrieves the logarithm function in the limit q → 0,
that is
lim
q→0
lnq(x) = ln(x). (A2)
The inverse function of the generalized logarithm func-
tion is the generalized exponential function, defined by
eq(x) =


limq′→q(1 + q
′
x)
1
q
′ if qx > −1;
0 otherwise.
(A3)
For q = 0, one recovers the exponential function: e0(x) =
ex.
These generalized functions have shown to be impor-
tant because they allow an easy handling of algebraic
expressions, besides recovering particular cases [8, 24].
Appendix B: Calculation of Ii
In this appendix the calculation of the field felt by a
single individual is performed. To do this, consider that
dDr = rD−1drdΩD , (B1)
9which yields to
Ii = ρ˜D
∫ Rmax
2r0
r−γ+D−1dr (B2)
where ρ˜D ≡ ρ0
∫
dΩD is a parameter related to the cell
density which depends on the dinension D; and
∫
dΩD is
the solid angle. In fact, for D = 1,
∫
dΩ1 = 2; for D = 2,∫
dΩ2 = 2pi; and for D = 3,
∫
dΩ3 = 4pi. The quantity
Rmax is the maximum distance between two cells. To
solve the integral (B2), one gets
Ii =
ρ˜D
D − γ
[
RD−γmax − (2r0)
D−γ
]
. (B3)
Considering for sheer convenience, and without loss of
generality, that r0 = 1/2, the equation above is simplified
to
Ii =
ρ˜D
D − γ
[
RD−γmax − 1
]
. (B4)
The distance Rmax can be written in terms of the number
of cells N . To do that note that N =
∫
VD
ρ(r)dDr,
which, given the above considerations, leads to
N = ρ˜D
∫ Rmax
0
rD−1dr (B5)
and consequently
Rmax =
(
DN
ρ˜D
) 1
D
. (B6)
Introducing such results into (B4), one gets
Ii = I(N) =
ρ˜D
D(1 − γD )
[(
N
(ρ˜D/D)
)1− γ
D
− 1
]
(B7)
or, in a more compact form, using the generalized loga-
rithm (17),
Ii = I(N) =
ρ˜D
D
ln1− γ
D
[
N
(ρ˜D/D)
]
. (B8)
Although it was calculated the interaction field of the
specific cell i, the result proves identical to all other cells,
as the right side of the above equation does not depend
on the “index” i, and consequently it is identical to all
the other individuals of the population, regardless of the
position of a single cell. In fact, the interaction field in
a single individual depends only on the size N of the
population.
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